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ABSTRACT 

In this paper the distribution of closed geodesics on surfaces of constant 
negative curvature are studied from a dynamical viewpoint. Asymptotic esti- 
mates are derived independently of the work of Selberg or Margulis, or the 
work of Bowen on Axiom A flows. 

§0. Introduction 

In this paper we are concerned with geodesic flows on the unit tangent bundle 

of compact surfaces of constant negative curvature [2], [12]. One way to study 

the lengths of closed geodesics is to use the work of Selberg [15], [30]. In this 

paper we develop a completely different approach. We apply results for 

suspension flows with the aid of the symbolic dynamics for geodesic flows due to 

C. Series [26], [27]. 

In recent work Parry and the author have derived asymptotic estimates for the 

number of closed orbits of an Axiom A flow [24]. (In the Axiom A case the proof 

is heavily dependent on the remarkable work of Bowen [6].) Axiom A flows 

subsume the case of geodesic flows for surfaces of constant negative curvature. 

There is a definite loss in generality in studying only geodesic flows. However, in 

this special case we are able to derive additional results of a more geometric 

nature. But more importantly we are able to avoid the extremely complicated 

machinery of Markov partitions needed for Axiom A flows. 

In Section 1 we recall some known results for suspension flows. As an 

application we give a new result relating the equilibrium state for a H61der 

continuous function (on a subshift of finite type) to the distribution of periodic 

points. Section 2 contains a short exposition of symbolic dynamics for geodesic 
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flows. In Section 3 we explicitly relate the zeta functions for the geodesic flow 

and the suspension flow associated with it. In Section 4 we recover significant 

results of Margulis and Bowen on the distribution of closed geodesics. In the 

final section we give two new results relating the distribution of closed geodesics 

to the topology of the surface. 

I would like to thank Keith Burns and Caroline Series for helpful comments. I 

would also like to thank the S.E.R.C. for their financial support. 

I am particularly grateful to William Parry for his encouragement and help 

throughout the course of this work. 

§1. Closed orbits for suspended flows 

Let A be an irreducible k x k zero-one matrix and define a shift of finite type 
(~a,  0.) by 

~,a = {x E f-I {1,...,k}lA(x,,x,+,)= l foralln ~Z  

and 0.:~A---~,~ by (0.x), = x,+l. 

Given 0 <  0 < 1 we define a metric on EA by d ( x , y ) =  0", where n _->0 is the 

largest integer such that x, = y,, [ i [ _-< n - 1. With this metric Ea is compact and 

zero-dimensional. 
Assume that f:ZA---~R + is Lipschitz, i.e. there exists C > 0  s.t. 

If(x)-f(y)[<= Cd(x,y) for all x,y EEA. 

The suspension space is defined to be the compact metrizable space 

Y~ = {(x, r)] x E EA, 0 < r _--</(x)} 

where (x,f(x)) and (0.x,0) are identified. 

The suspension flow 0 "I is given locally by 0.,r(x, r) = (x, r + t), with appropriate 

identifications. If we assume that 

sup{h(m)-f fdmlm0.-invariant}=O 

then the topological entropy h(0. t) is unity [24]. (Here h(m) is the entropy of 0. 

with respect to m.) 

Furthermore the measure of maximal entropy for 0.t is/~ x l/ffd#, where/~ is 

the unique measure attaining the above supremum and l is linear Lebesgue 

measure. 

The suspended flow is called (topologically) weak-mixing if F0., t = e " 'F  has no 
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non-trivial solution (F E C(Y,A)). A closed o'-orbit {x, trx,... ,  o ' ' - ' x}  (where 

tr"x = x) corresponds to a closed trt-orbit of length 

f ~ ( x )  = f ( x ) +  " "  + f (crm- lx ) .  

The following result was proved in [23]. 

Let k : "2A ---> R ÷ be Lipschitz and o "r a weak-mixing suspension PROPOSITION i .  

flow, then 

(1.1) ~ 1  ~ k,,(x)e_#,(~)=fkds~/flfd~+~b(s ) 
!rf~ o.mX=X 

where qb(s) is analytic on a neighbourhood of {siR(s)=> 1}. 

This proposition has an immediate interpretation in terms of closed orbit 

distributions. We write A (t) ~ B(t)  if A (t)/B(t)---> 1 as t ~ .  We let O(A (t)) 
denote a term whose ratio to A (t) is bounded above. 

PROPOSITION 2. Let k : "2~ R + be Lipschitz, then 
(i) X.r,x)~, 1 - t/log t 

(ii) X.r , .< ,  k " (x) ~ t f kdlx/ f  fdl~ 

where o "¢ is weak-mixing (summations are over all periodic orbits 

PROOF. Denote 

F~ (t) = 2,r,,~, k"  (x). 

We can rewrite (1.1) using a Riemann-Stieltjes integral 

The Ikehara-Wiener Tauberian theorem [31] then gives that 

t f kdtz/ffdl~. This completes the proof of (ii). 
For part (i) take 

Then we can write 

G(t) = ~,er',.,<=, 1. 

G( t )= ~2' lo-~dFr(r)+ O(1). 

We can rewrite this as follows: 
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o(,): , [ logr  J2+f2 r(logr)Ft(r)2dr 

t +/2' r 
log t r0og r) 

log t 

- li(t) 

t 
log t 

(since li(t)= f'2(1/logt)dt ~ (t/log t)). This completes the proof. 

REMARKS. (i) By a similar manipulation of Riemann-Stieltjes integrals other 
asymptotic results can be deduced, e.g. 

Eer,,,<=,e-t"x)= f2' ~dG(r)+ O(1 ) 

= ~2' rl~grdr + O(1) 

= loglog t + O(1). 

Then following the arguments of [14], §22.18 we can prove 

E,:",)+r~,)~=, 1 - ~ l o g l o g  t, 

where the summation is over pairs of closed orbits {x,~rx,...,cr"-~x}, 
{y, o'y,...,tr"-ly}. 

(ii) The error terms for the asymptotic estimates depend on the extension of 
4)(s) to ~(s)=< 1. For geodesic flows (which we shall see give rise to suspension 
flows) the error is O(C), for some 0 < a < 1, in Proposition 2 ([15], p. 64). For 
certain locally constant functions, however, this can never be the case (cf. [18] 
Ch. 5 and [25] §5). 

(iii) William Parry has shown the author that (1.1) may be generalised to: 

1 S' (g?"'gT)(X)e-'t'(') fg~dlz'"fgkdlx 1 
,,=1 m :~=x [f (x)] [f fdl~] k s 1 + dp(s) 

where g~ . . . . .  gk are Lipschitz and ~b(s) is analytic on a neighbourhood of 

1}. 
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APPLICATION (of Proposition 2). Let/Zo be the measure of maximal entropy 

for O':Xa--~Xa. It is well known that if Qo(t)={x I~"x = x, n < t} then 

(1/Card Qo{t))XxEOo<OS~ converges to Ixo in the weak* topology (here 6x is the 
measure consisting of a single atom at x ; [1] p. 302). We will now derive a natural 

generalisation of this result to equilibrium states. 

Let h :EA ~ R be Lipschitz and denote its pressure by P(h). By replacing h by 

h - P(h) we may assume that P(h) = 0. Furthermore, by adding a coboundary 

we may assume that f = - h > 0. (This requires the Ruelle operator theorem; cf. 

[24].) If IX is the unique equilibrium state for h then this is unaltered by the 

above changes. 

Assume o -t is weak-mixing. Define 

O(t) = {x I tr"x = x, n P ( h ) -  h"(x)  <= t}, 

then by Proposition 2, (1/CardO(t))Y.~o~,)6x converges to Ix in the weak* 

topology. (For the purposes of this proof we are assuming that P(h)= 0.) 

If tr r is not we'ak-mixing then it can be represented (after recoding) by a 

constant suspension. Therefore the weak* approximation of maximal measures 

again shows that (1/Card O(t))Z~o,)6~ converges to Ix. 

In either event we have proved the following result. 

COI~OLLARY 2.1. Let Ix be the unique equilibrium state [or h :2f, A --> R and let 

Q(t) be as defined above, then (1/Card Q(t))X~o<,)6, converges to Ix in the 
weak * topology as t---> + oo. 

§2. Symbolic dynamics for geodesic flows 

Let M be a compact Riemann surface of curvature K = - 1 (and genus g > 2). 

Topologically M is a g-holed torus. Define the geodesic flow ~b, : T1M---> T1M on 

the unit tangent bundle as follows: Given (xo, vo)E TIM let y :R-->M be the 

unique (unit speed) geodesic passing through xo, in direction Vo, at time t = 0, 

i.e. y(O)= Xo and ~(0)=  Vo. Then define ~b,(Xo, Vo)=(~,(t),~,(t)). Thus closed 

~b-orbits in T1M correspond to closed geodesics in M. 

Let D be the Universal covering space for M and ~- : D --> M the projection. 

Let F be the group of covering transformations (i.e. g ~ F  is an isometry 

g : D --> D s.t. ~'g = ~'). Since g > 2, the Universal cover D is the Poincare disc 

{z I I z [ <  1} with metric 

dr 2 
dx2 + dY2 = (1 - r2) z 
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(where dx, dy are increments in the hyperbolic metric, and dr is an increment in 

the Euclidean metric) [20], [21]. 

With respect to this metric the geodesics in D are circular arcs meeting S 1 

orthogonally [3]. 

Since F is a finitely generated, discontinuous group of isometries on D it forms 

a Fuchsian group. Elements g E F are necessarily linear fractional transforma- 

tions of the form 

g(z) = a z  + b 

b z + ~ '  

where l a 12 - I b 12 = 1 [13]. Let Fo be a finite set of generators for F, together with 

their inverses. 

To find a canonical representation for M in D look at the loci {z IIg'(z)l = 
1} = C(g), where g E Fo. These are geodesic arcs in D called isometric circles. If 

g E F0 then gC(g) = C(g -1) [13]. Furthermore g takes the "interior" of C(g) to 

the "exterior" of C(g -1) (Fig. 1). 

Since F is the group of covering transformations we may identify M and D/F. 
The region R exterior to all of the isometric circles C(g), g ~ Fo, is called the 
Fundamental region. Since R is a "maximal" set for which two points are not 

identified it represents M in the covering space D. (Label the elements of Fo by 

g,,g2,.., so that the isometric circles C(g,), C(g2),... encircle R in an anticlock- 
wise direction.) (See Fig. 2; the isometric circles are arranged so that R is 

bounded away from S'.) 

Other representations of M are given by gR, g E F. Together these "tile" the 

disc D by representations all of the same size (in the hyperbolic metric). 

By following images of O (under F) around any vertex of R we get the unique 
defining relation for F ([13] §27); see Fig. 3. 

Fig. 1. 
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O .  t 

Fig. 2. 

~tX~r ~ 

6 L 

Fig. 3. 

A simplifying assumption is: 
(*) For each g E F0, C(g) is covered by images of aR under F [8], [26]. 

Condition (*) holds in the standard "symmetrical" case where R is a regular 

figure. 
Consider the piecewise C 2 map T:S~---~S 1 given by T(z)=gi(z),  

z E [ a ,  ai+m). (Here i + 1 is given modulo 4g.) For large N, I(TN)'I> 1 and given 

x E S ~ we may choose a sequence -1 (g..)).=o so that T"(x)E[a..),a..)+l]. We 

shall call this sequence a T-expansion for x. 
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Similarly for the map T ( z ) =  g~(z), z E (b,b~+l]. Here y E S t gives rise to a 

sequence (g~l)) where f'"(y)E[bjt,),bjt,)+~]. We call this sequence a T- 
expansion for x. 

THEOREM 1 (Series [26]). There exists a subshift (not of finite type) ~ C l-l_+~Fo, 

a H61der continuous function h:X--*R ÷, and a continuous surjection 
7r:Xh---> TtM such that h_ 7r~r, - $,zr and zr is bounded-to-one. 

A sequence w = (g,,))~=_~ (where w E ~) gives rise to expansions for two 

points x, y E S t. (Let (g,t,))~=t represent a T-expansion for x, and (g;tl_,))~=o be a 

T-expansion for y.) These two points on S t uniquely determine a geodesic 3' on 

D. Flowing from (w,0) to (w,h(w)) corresponds to the unit tangent vector 

moving along y i"1/~. (Complications arise if Y N/~ = ~3, when R is replaced by 

another representation gR, g E F.) 

NOTE. Series shows that the condition (*) is not essential and a surface which 

satisfies this condition can be related to one which does not by a quasi-conformal 

mapping ([26] §6). In particular, if X is constructed for the standard "symmetri- 

cal" case of the same genus, then h, zr can be chosen so that Theorem 1 is still 

true even when the surface does not satisfy condition (*). 
The measure of maximal entropy for $ is the Riemann measure ([5] p. 420). 

Furthermore the geodesic flow ~b is topologically weak-mixing [11]. 

§3. Closed orbits and zeta functions 

To use the results of § 1 we need to replace ]~ by a subshift of finite type EA. 

Bowen and Series constructed a Markov partition for T:  St---> S ~ as follows: 

For each vertex vi of R let N(vi)be those geodesic arcs passing through v~ which 
are images of C(g) (g E Fo) under F [8] (see Fig. 4). 

Let W be the points where arcs in U~N(vi) meet S t. If we still assume (*) then 

{ai},{b~}C_ W. Furthermore T W C  W (here we could take f(a~) to be either 

g~(a~) or g~-a(a,) and this would still be true) [8]. 

The points W therefore divide S t up into a Markov partition. Let X~ be the 

one-sided shift of finite type given by this Markov partition. Since this new 
• + + 

partition refines the old one there is an obvious map i.  X,~---> ~ (where ~+ is the 

one-sided subshift corresponding to ~). This extends to i : XA ~ ~. We want to 

compare closed orbits in Xh, and TtM. There will be a one-one correspondence 
unless a TiM closed orbit has an XA expansion which is not unique. By 
periodicity it suffices to compare closed orbits for ~r : ~---> 2~, and T:St---~ S 1. In 

this case the only difficulty is when x E W. 
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P. 

"., ,," 

. , / J ',,",, .;",,' \ \ , , , , /  

t> <~k i~k(%) d ( ~ ) '  " 

Fig. 4. 

Let 

and 

I~ ={x ~E W I x  EN(v , )O(a , ,a ,+l]} ,  

I2' -- {x E W lx E N(v,+l) O [a,, a,+l]} 

11= U I i ,  12= U I~. 
i i 

Next let Iil -- {b~(gi) . . . .  , b k (g,)} and I~ -- {a ~(g,) . . . .  , a k (g~)}, where, in particular, 

bl(g~) = b~ and ak(g~)= a,+l. The elements of I~, I~ are listed in the order in 
which they are labelled around S 1. (Here k = 2 g -  1.) Because of these defini- 

tions ' gJl C_ Ii and g~I2 C_ I~. Furthermore 

Tar(g7 t) = a ' - l ( g j )  (for some j = j(r, i)) 

Tbr(g;  ~) = b'+l(gr) (for some ]' = j'(r, i)) 

(in fact, ](r,i) = i - 1 (rE 1), ](1,i)  = i - 2  and ]'(r,i) = i + 1 (rE k ), ] ' (k , i )  = i + 
2), where ],j' and r , r - 1  and r + l  are given modulo 4g and modulo k, 

respectively. 

The classical case is where the isometric circles have the clockwise NOTE. 

ordering 

g4g" " g4g3g2gl = p l q l p l l  q i  1" " " poqop~l q~l 

(cf. [21]), where we have simply relabelled the generation g, by p~ ,  q~.  
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In this case gi+~ follows g71 in the cyclic sequence 

q~lp,q,p~l.., q71plqlpll. 

(These two sequences are precisely the surface symbol and the defining relation 

[211.) 
If g is even then we have that I, contains 2g T-orbits of period 2(2g - 1). If g is 

odd then L contains 4 orbits of period g(2g-1). 

Points in L lie between two intervals in the Markov partition. A consistent 

choice of intervals to the left or to the right for each T-orbit (in I,) gives rise to 

two distinct T-expansions and hence two distinct closed o -h-orbits. The set I2, 

however, does not give rise to any additional orbits in £a.  This is because the 

choice of intervals to the right breaks down at a~. Thus the primitive closed orbits 
for ~b and ~r h°i differ by only a finite number 1 of orbits of length C 

(corresponding to ~r-orbits of period p), say. (Here p and I depend only on g, the 

genus of the surface. The actual value of these constants will prove to be 

unimportant.) Providing we have chosen h in accordance with ([26] §5) for a 
surface not satisfying (*), those ~b and 0 "h° i  orbits in one-one correspondence will 

be of the same period. 

Comparing zeta functions we see that 

~r 

(here the product is over closed orbits r of length A(r)) 

= e x p ( ~  1 ~ e-Sh°i~(X)--l~=l~) 
m o . m x = x  

= ~'~,-, (s)exp I log(1 - e -sc) 

= ~'~ho, (s)(1 - e-sC) '. 

REMARKS. 

lengths, then 

(i) Let G(z) be the generating function for homotopy class word 

G(z ) = ~ z" Card{Homotopy classes length n}. 
n = l  

Cannon has shown that G(z) is rational [10]. Let us consider the generating 
function for free homotopy classes Go(z). Every free homotopy class corres- 

ponds to exactly one closed geodesic ([4] VII.6). Because of the ambiguity in 

representing elements we shall take the length of a free homotopy class to be the 
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word length of the corresponding closed geodesic 

Go(z) = ~ z ~ Card{Free homotopy classes length n} 
n = l  

= Card{x o-"x = x } -  l z n----P 
n = I  n 

[ ( 1 - z P )  ' 
= log [det(I  - zA  )] " 

In particular, expG0(z) is  rational. 

(ii) Let a > 0 be the growth rate of cyclically reduced words, then a is also the 

growth rate of word lengths of closed geodesics. Then e ~ is a pole for Go(z) and 

so a zero of the polynomial d e t ( I - z A ) .  Thus e" is an algebraic number. 

Notice that since 4' and qh°~ have closed orbits of the same lengths, o -h'' is 

weak-mixing [7]. 

§4. Asymptotic results for closed geodesics 

In [16], Hejhal gives an asymptotic formula for the number of closed geodesics 

on a surface of constant negative curvature. We shall now give a proof with a 

more dynamic flavour. 

Let v(t)  be the number of closed geodesics of length at most t. Then 

v( t )  = v, (t), the number of closed 4,-orbits of period at most t. 

THEOREM 2 (Margulis, cf. Hejhal [15], [16]). Let M be a compact surface of 

curvature K = - 1, then v ( t ) ~  e'/t. 

PROOF. We saw in the previous section that ~',(s) = ~'~,o,(S)(1 - e-SC) ~ and in 

particular there are only l additional primitive closed orbits for cr "°i compared 

with 4' (each of length C). Thus v~(t) and V~,o,(t) differ only by iterates of these 
orbits, i.e. 

V~o,(t) = v~(t)+ l i t /C].  

By Proposition 2, V~ho,(t)-e'/t  thus v ~ ( t ) - e ' / t .  This completes the proof. 

We can also approach the problem of distribution of closed orbits on T~M. Let 

B be a subset of T1M whose boundary has measure zero. Let v , ( t )  be the total 

sojourn time in B of closed orbits whose periods are at most t. 

THEOREM 3 (Bowen [5], cf. Parry [23]). Let M be a compact surface of 

curvature K = - 1, and let B C_ T1M have m(OB) = O, then 
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t 

vB(t)- m(M)e /t. 

PROOF. We already know this result is true for suspension flows and that the 

scalar m (B)/m(M) is appropriate. Again the only difference is due to a finite 

number of orbits. This contributes a difference of order t. Therefore the result 

follows. 

REMARK. The above theorem shows that closed orbits are uniformly distri- 

buted in T1M (with respect to m). This means that closed geodesics are 

uniformly distributed on M (with respect to Riemann measure) and in direction 

(with respect to Lebesgue measure). 

REMARK. The method we have used only applies to compact surfaces. A 

special case of a non-compact surface is the modular surface (corresponding to 

SL(2, Z)). In this instance closed geodesics have the same lengths as closed orbits 

for a suspension over the continued fraction transformation, where we can take 

h(x) = -21ogx  [29]. Then work of Mayer on the corresponding zeta function 

would allow us to extend Theorem 2 to this special case [22]. 

§5. Further distribution results 

By following the formulation due to C. Series we are better able to describe 

the distribution of closed orbits with respect to the topological structure. Under 

the assumption (*) the sides of R form closed loops from arcs of closed 

geodesics. Topologically these loops ring the holes in the surface or pass through 

such holes. We can interpret a geodesic as passing through a hole if it cuts the 

first type of loop. Similarly we may interpret a geodesic as circling a hole if it 

traverses the second type of loop (see Fig. 5). 
For a closed geodesic ~- let w(~') be the total number of such crossings by ~'. 

Assume that the corresponding o-h°i-orbit lies over a or-periodic point ~r"x = 

Fig. 5. 
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x E XA. Then the period of x is the number of crossing of R, say, i.e. w(r) = n. 

For g E F0 let ws(~" ) be the number of crossings of the loop corresponding to 

C(g) n R. 

THEOREM 4. Let M be a compact surface with curvature r = - I and satisfying 

(*), then: 
(i) There exists C>0 such that ~,~,)~,w(7)~ Ce'. 

(ii) For g E Fo there exists Cg > 0 such that 

, ~ ,  w,(r) ~ C," e'. 

PROOF. (i) By Proposition 2{ii) we know that 

t e 

h.in(x)<_t f fdtz 

(where we take k :YA --->R to be the constant function 1). Equating h o i n (x) with 

A (~-) and n with w(r) we have the result (the additional primitive closed orbits 
making no difference to the asymptotic formula). 

(ii) Let B~ C_ ~ be those sequences representing geodesics crossing C(g) N R, 
say. Let C~ = tz(Bs)/f hdlz. The result follows from Proposition 2(ii) by taking 

k = XB s (after extending Proposition 2 to k = XBs by approximation). 

REMARK. If C(g)A R has length l(g) then C(g) = l(g)/~r.volM. If OR has 

length l(OR) then C = l(OR)/Tr .volM. 

The above theorem relates lengths of closed geodesics to their intersections 
with fixed geodesics C(g). We want to adapt these ideas to accommodate 
self-intersections. 

Let M be a manifold of infinite volume where generators in Fo satisfy 

C(g~) N C(gj) = O with g,,gj E Fo (g,~ gj) [17], [28] (see Fig. 6). A geodesic 3/in 

D is labelled by a bi-infinite sequence from Fo. Let 3/ cut C(go), go'C(gl), 
g~g~ C(g2), go~g~g~ ~ C(g3),..., where we start in R. Furthermore, going in the 

opposite direction assume 3/ cuts C(g~), g-~C(g-~), g-2g-tC(g-~) ..... We 

represent 3/ by the sequence (g~l) [28]. 

If the geodesic 3/lies in the non-wandering set I~ (which includes all closed 

geodesics) then the sequence does not terminate• The only admissibility condi- 

tion is that g is not followed by g-~. Admissible sequences form a shift of 

finite-type ~A. For a geodesic 3/ with a sequence x E ~A let r(x) be the 

hyperbolic length of 3/1"3/~. Then r :3~,~---)R ÷ is H61der continuous. There is a 

topological conjugacy lr .  ~A---)T~I~ s.t. 1nr, = ~b:r. 
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i 
~ ' C O , )  c~ lC(~,~  " '  " 

Fig. 6. 

In order that a geodesic on M intersects itself it must have distinct lifts to D 

which cross in R. The number of self-intersections is exactly the number of such 

intersections in D. The most obvious case is if liftings y and y '  enter and leave R 

by isometric circles which alternate around S 1, i.e. if y, y '  have expansions x, y 

then x0#y0  and x - l # y - ~  and the pairs C(xot), C(x-l) and C(yol), C(y-l)  

separate each other around S 1. We may refine this: Let w = [w-,  . . . .  , w,-l] and 

let P(w) be the set of 2n-cylinders which differ from w only at both ends (in - n 

and n - 1  co-ordinates), i.e. for w'=[w'_ . , . . . ,w '_ l]EP(w);  w ' - ,#w_. ,  
w'._~ # w._~, wl = w'i ( -  n < i < n - 1). Furthermore, impose the condition on 

P(w) that the circular arcs WoWt'" C(w~-~), w-~w2~w-~... C(w_,) separate 
w~w~... C(w ,51) and w '~-~ w~ -1... C(w'-,) (cf. [8]), and there exist geodesics y, y '  

in D which cross within R and whose corresponding sequences are contained in 

w, w' respectively. If x defines a geodesic, then a self-intersection occurs if x E w 

and trkx E W'E P(W). We can count the number of such self-intersections 

(given trmx = x) as 

s.o,)=½2 txw]'(,,)tx.,r(,,), 
where )w is a characteristic function and n is fixed. 

The number of self-intersections per unit length is S. (x) /r"  (x). Consider 

[x,, F '(x ) [x . , ] "  (= ) _-,,.,,., I 
, = m . = , = ,  ~ 2 .  r ' ( x )  e 

w'~p(w) 

I. 
= s - 1 + $ ( s )  
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where 

1 
t"-2frd  

w'EP(w) 

and/x  is the equilibrium state for - h  (cf. §1). Thus an nth approximation to 

counting self-intersections of closed orbits is 

, 

)tO.) / , e .  A(r)_-<t 

We now consider the limit of these approximations. Let SO)  be the number of 

self-intersections of ~-. Define B C_ (S ~ x S ~) x (S~x S 1) by 

B ={(Xl,X2;yl,y2):x~ < y~ < xk < yx lie in order around $1; 

{i, k} = {j, l} = {1,2} and the corresponding geodesics cross 

in R}. 

Recall that rr:EA--~SIx S ~ and thus 7r/~ is a measure on S~× S 1. 

THEOREM 5. 

~_~, A ( z ) -  (~'U x ~ru)(B)" e'/2. 

This follows by approximation. Thus the average number of self-intersections 

per unit length is (~r/z x 7r/z)(B)/2. 
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